The main objective of loop shaping design methodology is to produce a controller that guarantees robust stability against normalized coprime factor uncertainty. This form of uncertainty was used by Glover and McFarlane [6-8] to obtain an exact solution to the robust stabilization problem. The order of loop shaping controller is typically as high as the model order. Such high order controllers are sometimes difficult to implement due to hardware limitations. In many cases, the higher order controller can be approximated by a reduced order controller with acceptable performance degradation. In this paper, the effectiveness of order reduction techniques is applied on an inverted pendulum.
INTRODUCTION
The H ∞ loop-shaping design procedure (LSDP), proposed by McFarlane and Glover [6] , is a simple and efficient robust multi-input multi-output (MIMO) controller synthesis technique that combines classical loop-shaping concepts with H ∞ synthesis. The (LSDP) is an effective method for designing robust controllers and has been successfully used in a variety of applications [9, 15] . A critic of loop shaping controllers is that the controller order is typically as high as the model order because of the inclusion of weights; this could be conservative for implementation. Three solutions are proposed for this problem as illustrated in figure 1 : the first is the direct method, this one is attempting to compute reduced order controllers directly from the beginning [9, 10] . This method imposes constraints and structure on the controller and uses a parameter optimization to obtain an acceptable performance. The second class of reduction techniques is the indirect method. In this method, the original model is reduced after which a controller is designed based on the approximate model. This procedure is popular in many applications since there exists a vast amount of literature on model reduction techniques, especially for the class of linear system [16] . The third class of reduction techniques is a second indirect method. This try to reduce the controller order from the higher order controller (using for example some techniques such as
Optimal
Hankel Norm approximation, Balanced Residualization and Balanced Truncation); here this method will be outlined.
Figure.1 reduction controller techniques
The paper is organized as follows. The order reduction methods are introduced in Section 2. The loop shaping design procedure is described in section 3. Finally section 4 presents the validation of reduction methods on inverted pendulum. Conclusions are given in section 5.
II. ORDER REDUCTION
The central idea behind order reduction is to remove states, which are least controllable and observable. Balanced Truncation, Balanced Residualization and Optimal Hankel norm approximation gives a stable approximation and a guaranteed bound on the error in the approximation. All these methods start from a special state-space realization of G referred to as balanced. A detailed discussion of this technique its properties is given as following , i = 1,..., n.
the value of each σ i is associated with a state x i of the balanced system. The size of σ i is a relative measure of the contribution x i that makes to the input-output behavior of the system. Therefore if σ 1 ≥ σ 2 , then the state x 1 affects the input-ouput behavior much more than x 2 , or indeed any other state because of the ordering of the σ i . This property is fundamental to the model reduction methods which work by removing states having little effect on the system's input-output behaviour.
B. Balanced truncation
Let (A, B, C, D) be the balanced realization of a stable G(s) with degree n and hankel singular values Σ, where Σ = diag(σ 1 , σ 2 ,…, σ n ). The system can be partitioned as:
[ ] 
is called Balanced truncation of the full order system G(s). This idea of balancing the system and then discarding the states corresponding to small Hankel singular values was first introduced by Moore [1] . The infinity norm of the error between G(s) and the reduced order system is bounded by twice the sum of the last n-k Hankel singular values. A precise statement of the bound on the approximation error is given by Glover [2] as:
C. Balanced Residualization In Balanced Residualization, the derivative of last (n -k) states is set to zero, which is equivalent to assuming these states to be infinitely fast. The reduced order system (A r , B r , C r , D r ) is found by solving the resulting expressions [3] . Liu and Anderson [4] have shown that the approximation error for Balanced Residualization is same as given by relation (6) . Analytic expressions for this method are given by Skogestad and Postlethwaite [5] .
D. Optimal hankel norm approximation
In this technique, the problem that is directly addressed is the following: given a stable model G of order n, find a reduced order model k h G of degree k such that the hankel norm of the approximation error,
A detailed discussion of this technique and its properties are given by Skogestad and Postlethwaite [5] . The Hankel norm of the error between G and the optimal approximation k h G is equal to the (k+1)
th Hankel singular value of G :
III. PREPARE LOOP-SHAPING DESIGN PROCEDURE (LSDP)
A. Principle The method based heavily on the loop-shaping procedure of McFarlane and Glover that appears in some works [2, 7, 11, 12] . The LSDP can be divided into three distinct steps as follow:
• 
•
Step 2 -Robustness verification: the maximum robustness margin ε max associated with norm bounded additive uncertainties on the system's left normalized coprime factors (NCFs), is calculated by using the Hankel norm of the coprime factor decomposition of G s . If the margin is too small, ε max < 0, 25 [5] , then return to step 1, adjust the weighting function W 1 and W 2 , else we go to step 3.
• Step 3 -Controller computation and implementation: for ε ≤ ε max calculate a controller K ∞ that stabilizes G s ( fig.1) 
where x is the state, y and u are the output and the input respectively and A s , B s and C s are matrices of the shaped plant in state-space representation Then K ∞ is given by [13] :
where W is given by: W = ( I + X Z -(ε max ) -2 I ) T and the matrices X, Z solve the control (respectively filtering) algebraic Riccati equations (CARE, FARE): 
The robust controller K ∞ can be solved by MATLAB @ with function 'ncfsyn' of the Robust Control toolbox. Additionally it computes the corresponding maximum robustness margin ε max .
IV. APPLICATION TO INVERTED PENDULUM
The transfer function of an inverted pendulum linearized system [14] 
By applying the H ∞ loop shaping method, the robustness margin ε max is founded at 0.3028. This value indicates that the selected weighting function is compatible with the robust stability requirement. Based on the conventional technique presented in section 3, the conventional H ∞ loop shaping controller is synthesized as: We note that the order of loop shaping controller (equal 5) is higher than the model order (equal 2) that is why we try to reduce it.
Controller order reduction
The order of the controller is reduced using techniques discussed in section 2 and a lower order controller is designed in turn. G s approximated cases respectively. It can be seen that reduced order controller using truncation and optimal Hankel norm approximation has the same performance as the full order controller at high frequency. But the balanced residualization method performs better at low and medium frequency ranges. Table 2 shows the H ∞ -norm of approximation error for different order reduction techniques. The approximation error is 0.1440 for balanced residualization, the corresponding error norms for balanced truncation and optimal Hankel norm approximation are 0.1447 and 0.1462 respectively. We remark that balanced residualization performs better than other methods. We have presented and compared in this section three main methods for controller reduction of inverted pendulum based on balanced realizations: balanced truncation, balanced residualization and optimal Hankel norm approximation. It is observed that the Balanced Truncation method and the Hankel-norm Approximation perform better at high frequency, while the balanced residualization method performs better in the low and medium frequency ranges. Thus for controller model reduction, where models are not accurate at high frequencies to start with, residualization would seem to be a better option.
V. CONCLUSION
In this paper, different techniques for loop shaping controller order reduction were applied on a typical process control example, i.e. inverted pendulum. It is shown that the performance degradation remains minimal due to use of a carefully selected reduced order controller.
